The Green functions are obtained for initial end transformed regular boundary problem of the one-dimensional stationary Dirac equation with a generalized form of the potential. A relatation is formulated, which connects the Green functions of the initial and the modified problems. The Darboux transformation of this Green function is constructed. Formulae for the unabridged trace of the difference of the initial and the modified Green functions are obtained.
Introduction
Supersymmetric quantum mechanics being actively developed in last few years (Journal of Physics A , 34, (2004)). Supersymmetric nonrelativistic quantum mechanics is the other formulation of Darboux transformation of Schrödinger equation [1] . Darboux transformation of the one-dimensional stationary Dirac equation is equivalent to the underline quadratic supersymmetry and factorization properties [2, 3] .
Green function is an important notion in theoretical physics. Green functions was applied in electrodynamics, quantum field theory, statistical physics. The vacuum current of a charged electromagnetic Dirac field was expressed in terms of the Green's function [4] .
An approach to finding the exact Green's function to time-dependent Schrödin-ger equation was discribed in [5] . The C operator in P T is considered in [6] .
SUSY transformation of the Green function for the regular boundary problem of the one-dimensional Schrödinger equation was obtained in [7, 8] .
In this paper, we construct Darboux transformation of the Green function for the regular boundary problem of the one-dimensional stationary Dirac equation with a generalized form of the potential. There are two possible representations of the Greens function either in terms of solutions of a homogeneous differential equation at an energy which is not an eigenenergy or in terms of a orthonormal and complete set of eigenfunctions of the homogeneous differential equation. We construct a Green function for the regular boundary problem of the one-dimensional Dirac equation with the generalized form of the potential (section 2) and Darboux transformation of the corresponding Green function (section 3). With the help of spectral representation we obtain a relatation between the Green functions of the initial and the modified problems (section 3). With the help of the properties of Darboux transformation we check that this relatation is true for usual representations of Green functions for the regular boundary problem of the one-dimensional stationary initial and transformed Dirac equations, independently from keep or not keep of boundary conditions (section 3). We obtained also formulas for the unabridged trace of the difference of the modified and initial Green functions (section 4).
Green function of the one-dimensional Dirac equation
The Green function of the one-dimensional Dirac equation,
, is needed for obtaining the solution
of the following inhomogeneous equation
where a and b are the endpoints of the interval. Earlier this method allowed the authors Ref. [9] to obtain the Green function of the one-dimensional Dirac equation with the potential
In the present paper, we will obtain the Green function of the Dirac equation with the generalized form of the potential
where ω(x) = φ el (x), S(x) = φ sc (x), q(x) = k j /x + φ am , k j are the eigenvalues of the spin-orbit operator [10] , m is the mass of a particle, σ 1 , σ 3 are usual Pauli matrices.
The generalized form of the potential is the self-adjoint potential. We consider the following boundary conditions
where Φ 1 (x, E), Φ 2 (x, E) are the components of the spinor Φ(x, E). We consider the case when the solutions of the Dirac equation with the generalized form of the potential, ψ(x), ϕ(x), obey the following boundary conditions
Let us construct the matrix
where W (E) = W {ϕ(x, E), ψ(x, E)} = const is the Wronskian of the two functions ψ(x) and ϕ(x).
One can reality cheek to examine that vector-function Φ(x, E) is the solution to the inhomogeneous equation (2.2), and therefore the matrix (2.7) is the Green function of the regular boundary problem of the one-dimensional stationary Dirac equation with the generalized form of the potential (2.3).
Let us construct the spinor y(x, E) =
In detail, Eq. (2.7) becomes
We write down a detailed form of the components of the spinor
where
From these equations, taking into consideration (2.10) and
we find the components of the spinor (2.8), y 1 (x, E), y 2 (x, E).
We consider the components of the spinor (2.8) in the case y ≤ x, then y ∈ [a, x], after that in the case y > x, when y ∈ (x, b], and as a result we find the components of the spinor (2.8) y 1 (x, E), y 2 (x, E) in the general case
Now we check that the vector-function y(x, E) is the solution to the inhomogeneous equation (2.2)
where F 1 (y), F 2 (y) are the components of the spinor F (y). Let us show, that equality (2.14) is true. To this end, we differentiate from y 1 (x, E):
The following equalities are true, since the spinor ψ(x, E) and ϕ(x, E) are the solutions to the Dirac system of equations:
Substituting equalities (2.16), (2.17) into (2.15), we obtain:
From equations (2.11), (2.12) for y 1 (x, E), y 2 (x, E) we obtain:
Therefore equation (2.14) is true. Similarly, equality (2.14) can be proven. The spinor-function Φ(x, E) = y(x, E) is the solution to (2.2) with the generalized form of the potential. Now we demonstrate realization of the regular boundary conditions (3.37), (3.38) for spinor-function Φ(x, E) = y(x, E)
where y 1 (x, E), y 2 (x, E) are the components of the spinor y(x, E). We compute (2.11), (2.12), when x = a, x = b:
23) f (y)dy = 0, where f (y) is the arbitrary function of y, the equalities (2.22), (2.23), (2.24), (2.25) take the form
27)
28) 
30)
Due to the boundary conditions (2.6) for the functions ψ(x, E), ϕ(x, E), (2.20), (2.21) are true. Hence, matrix G 0 (x, y, E), Eq. (2.7), is the Green function for the regular boundary problem of the one-dimensional stationary Dirac equation with the generalized form of the potential. The matrix (2.3) can be written in the following form:
where Θ(x − y), Θ(y − x) are the Heaviside step functions.
Darboux transformations of the Green function
From the Appendix it is obvious that an alternative representation for the Green function of the Dirac equation with the initial potential is
Consider the one-dimensional stationary Dirac equation
is a 2 × 2 matrix, u 1 and u 2 are solutions of (2.1) with E = λ 1 , λ 2 respectively.
If the solutions to the one-dimensional stationary Dirac equation (2.1) are known, then solutions to eq. (3.34) can be found by action with the Darboux transformation operator L = ∂ x + u x u −1 in the solutions of the initial equation.
The matrix u is called a transformation function. In this part of the paper, we consider the matrix
and the spinorΦ(x, E) = b a G 1 (x, y, E)F (y)dy with the boundary conditions
whereΦ 1 (x, E),Φ 2 (x, E) are the components to the spinorΦ(x, E). The functioñ Φ(x, E) is the solution to the modified inhomogeneous Dirac equation 
and Darboux transformationψ n (x) = Lψ n (x), a complete orthonormal setφ(x) of functions
Now we spelt the ratio
in the following way
We deduce parameters A, B by equating
.
From here
Consequently, (3.43) reads 1
Taking into account (3.47), (3.33), (5.65), we have
For the solutions to the Dirac equation, the following properties hold
Since the differential of the Heaviside step function is the delta-function, the properties (3.49), (3.50), (3.51) are fulfilled. Substituting (2.32) into (3.48) we obtain Eq. (3.42).
Unabridged trace for the difference of the modified and initial Green functions
In this part of the paper we consider
It is known that the action of the transformation operator and the conjugate transformation operator on the spinors can be written in the following way [2] :
Accounting these properties, we can write (4.52) in the form
We integrate (4.55) by parts and apply the property of the trace
to obtain
We further apply (3.50) to (3.40) and obtain From (4.58), (4.59) it is obvious that the formulae for the unabridged trace of the difference of the modified and the initial Green functions are the following: 
where E n 0 , E n 1 are discrete eigenvalues of h 0 and h 1 respectively.
Conclusion
In this paper, we have studied the relation between the Green functions of the regular boundary problem corresponding to initial and transformed potentials of the one-dimensional Dirac equation for the case of the Hamiltonians with discrete spectra. The formulae for an unabridged trace of the difference between the initial and modified Green functions have been obtained.
Taking into account (5.65), we get from (5.71) 
